Abstract-Control of robot orientation in Cartesian space implicates some difficulties, because the rotation group SO (3) is not contractible, and only globally contractible state spaces support continuous and globally asymptotically stable feedback control systems. In this paper, unit quaternions are used to represent orientations, and it is first shown that the unit quaternion set minus one single point is contractible. This is used to design a control system for temporally coupled dynamical movement primitives (DMPs) in Cartesian space. The functionality of the control system is verified experimentally on an industrial robot.
I. INTRODUCTION
Industrial robots typically work well for tasks where accurate position control is sufficient, and where work spaces and robot programs have been carefully prepared, so that hardware configurations can be foreseen a priori by robot programmers in each step of the tasks. Such preparation is very time consuming, and introduces high costs in terms of engineering work. Further, the arrangements are sensitive to variations, e.g., uncertainties in work object positions, small differences between individual work objects, etc. This has prohibited the automation of a range of tasks, including seemingly repetitive ones such as assembly tasks and shortseries production.
It would therefore be beneficial if the capabilities of robots to adapt to their surroundings could be improved. The framework of dynamical movement primitives (DMPs), used to model robot movement, has an emphasis on such adaptability [1] . For instance, the time scale and goal position of a movement can be adjusted through one parameter each. The fundamentals of DMPs have been described in [1] , and earlier versions have been introduced in [2] , [3] , [4] . DMPs have been used to modify robot movement based on moving targets in the context of object handover [5] , and based on demonstrations by humans [6] , [7] , [8] , [9] . In most of the previous research, it has been assumed that the robot configuration space is a real coordinate space, such as joint space or Cartesian position space; see, e.g., [5] , [6] , [8] , [10] , [11] . However, in [12] DMPs were formulated for orientation in Cartesian space.
Temporal coupling for DMPs enables robots to recover from unforeseen events, such as disturbances or detours based on sensor data. This concept was introduced in [1] , was made practically realizable in [13] , and proven exponentially stable in [14] . However, these previous results are applicable only if the robot state space is Euclidean, which is not true for orientation in Cartesian space. Higher levels of robot control typically operate in Cartesian space, for instance to control the pose of a robot end-effector or an unmanned aerial vehicle.
In this paper, we therefore address the question of whether the control algorithm in [13] could be extended also to incorporate orientations. Because a contractible state space is necessary for design and analysis of a continuous globally asymptotically stable control law (see Sec. II), we first investigate the contractibility properties of the quaternion set used to represent orientations. A space is contractible if and only if it is homotopy equivalent to a one-point space [15] , which intuitively means that the space can be deformed continuously to a single point; see, e.g., [15] for a definition of homotopy equivalence.
A. Contribution
This paper provides a control algorithm for DMPs with temporal coupling in Cartesian space. It extends our previous research in [13] , [14] by including orientation in Cartesian space. Equivalently, it extends [12] by including temporal coupling. Furthermore, it is shown that the quaternion set minus one single point is contractible, which is a necessary property for design of a continuous and globally asymptotically stable control algorithm. Finally, the theoretical results are verified experimentally on an ABB YuMi robot; see Fig. 1 and [16] . The fundamentals of mathematical topology and set theory are described in, e.g., [15] , [17] , [18] . As noted in [19] , the rotation group SO(3) is not contractible, and therefore it is not possible for any continuous state-feedback control law to yield a globally asymptotically stable equilibrium point in SO(3) [20] , [21] . Contractibility is also necessary to apply the contraction theory from [22] , as done in [14] . In this paper, unit quaternions are used to parameterize SO (3) . Similarly to SO(3), the unit quaternion set, H, is not contractible. In this section however, is is shown that it is sufficient to remove one point from H to yield a contractible space. Table I lists some of the notation used in this paper.
A. Preliminary topology
We will use that homeomorphism (defined in, e.g., [17] ) is a stronger relation than homotopy equivalence.
Lemma 1: If two spaces X and Y are homeomorphic, then they are homotopy equivalent.
Proof: See Lemma 6.11 in [17] . Lemma 2: Assume that X ∼ = Y , with a homeomorphism
Proof: Consider the function f 2 : X \ p → Y \ f (p), and let f 2 (x) = f (x) ∀x ∈ X \ p. It can be seen that f 2 is a restriction of f . Since a restriction of a homeomorphism is also a homeomorphism [23] , f 2 is a homeomorphism, and hence
We will also use that homeomorphism preserves contractibility.
Lemma 3: If X ∼ = Y , and X is contractible, then Y is also contractible.
Proof: Since X ∼ = Y , they are homotopy equivalent according to Lemma 1. In turn, X is contractible and therefore homotopy equivalent to a one-point space. Hence Y is also homotopy equivalent to a one-point space, and therefore contractible.
B. The quaternion set minus one point is contractible
First, it will be shown that the unit sphere S n (see Definition 1) minus a point is contractible. This will then be applied to H, which is homeomorphic to S 3 [24] . Definition 1: Let n be a non-negative integer. The unit sphere with dimension n is defined as
The unit sphere S n minus a point p ∈ S n , denoted S n \ p, is contractible. Proof: Consider first the case n ≥ 1. There exists a mapping from S n \ p to R n called stereographic projection from p, which is a homeomorphism. Thus, S n \p ∼ = R n [25] , [18] . See Fig. 2 for a visualization of these spaces. Since R n is a Euclidean space it is contractible, and it follows from Lemma 3 that S n \ p is also contractible. Consider now the case n = 0. The sphere S 0 consists of the pair of points {−1, 1} according to Definition 1. Thus S 0 \ p consists of one point only, and homotopy equivalence with a one-point space is trivial. Hence S 0 \ p is contractible.
Remark 1: Albeit we consider unit spheres in this paper, it is not necessary to assume radius 1 in Theorem 1. Further, it is arbitrary which point p ∈ S n to remove. Theorem 2: The set of unit quaternions H minus a point q ∈ H, denoted H \q, is contractible.
Proof: The set H is homeomorphic to S 3 [24] . Therefore H \q ∼ = S 3 \ p for some point p ∈ S 3 , according to Lemma 2. Theorem 1 with n = 3 yields that S 3 \ p is contractible, and because of the homeomorphic relation, Lemma 3 yields that H \q is also contractible.
It is noteworthy that the contractible subset H \q is the largest possible subset of H, because one point is the smallest possible subset to remove. Hence, it is guaranteed that no unnecessary restriction is made in Theorem 2, though there are other, more limited, subsets of H that are also contractible. Sometimes only half of H, for instance the upper half of the quaternion hypersphere, is used to represent orientations. However, instead of continuous transitions between the half spheres this results in discontinuities within the upper half sphere [24] . In the context of DMPs and automatic control such discontinuities would cause severe obstructions, which motivates the search for the largest possible contractible subset of H. One of the experiments (Setup 3 in Sec. IV) 
The red cross marks a point p removed from the unit sphere. Each space to the left is homeomorphic to the corressponding space to the right, i.e., S n \ p ∼ = R n . In turn, R n is homotopy equivalent to a point (for instancep marked by a purple dot in each plot to the right) and therefore S n \ p is contractible according to Lemma 3. Higher dimensions are difficult to visualize, and therefore S 2 is commonly used to visualize parts of the quaternion set, as done in Fig. 10 .
provides an example of when both half spheres are necessary for a continuous representation of the robot orientation.
III. CONTROL ALGORITHM
In this section, we augment the controller in [13] , [14] to incorporate orientation in Cartesian space. The resulting algorithm can also be seen as a temporally coupled version of the Cartesian DMPs proposed in [12] . The pose in Cartesian space consists of position and orientation. The position control in this paper is the same as described in [13] , [14] , except that it is also affected by the orientation through the shared time parameter τ a in this paper.
Similar to the approaches in [12] , [26] , we define a difference between two quaternions, q 1 and q 2 , as
where h is the orientation difference space, defined as the image of d, and Im denotes the imaginary quaternion part, assuming for now that q 1q2 = (−1, 0, 0, 0). This is elaborated on in Sec. VI. Further, we will use a shorter notation, so that for instance
represents the difference between coupled and goal orientations. This mapping preserves the contractibility concluded in Sec. II, as established by Theorem 3. Theorem 3: The orientation difference space h is contractible.
Proof: The mapping
has the properties necessary to qualify as a homeomorphism.
It is one-to-one [26] and onto, continuous (since the point (−1, 0, 0, 0) has been removed), and its inverse (division by 2 followed by the exponential map) is also continuous. Further, its domain H \ (−1, 0, 0, 0) is contractible (see Theorem 2), and therefore its image h is contractible (see Lemma 3) . Using the function d, a coupled DMP pose trajectory is modeled by the dynamical system
Here, x is a phase variable that evolves as
Further, f o (x) is a virtual forcing term in the orientation domain, and each element i of f o (x) is given by
where each basis function, Ψ i,j (x), is determined as
Here, σ and c denote the width and center of each basis function, respectively. The forcing term f p (x) is determined accordingly, see [13] , [14] . Further, the parameters of f (x) can be determined based on a demonstrated trajectory by means of locally weighted regression [27] , as described in [1] .
All dimensions of the robot pose are temporally coupled through the shared adaptive time parameter τ a . Denote by y a the actual position of the robot, and by q a the actual orientation. The adaptive time parameter τ a is determined based on the low-pass filtered difference between the actual and coupled poses as follows.
This causes the evolution of the coupled system to slow down in case of configuration deviation; see [1] , [13] . Moreover, the controller below is used to drive y a to y c , and q a to q c .
This can be seen as a pose PD controller together with the feedforward termsÿ c andω c . Here,ÿ r andω r denote reference accelerations sent to the internal controller of the robot, after conversion to joint values using the robot Jacobian [28] . We let k p = k 2 v /4, so that (16) - (17) represent a critically damped control loop. Similarly, β z = α z /4 [3] . The control system is schematically visualized in Fig. 3 . We model the 'Robot' block as a double integrator, so thaẗ y a =ÿ r andω a =ω r , as justified in [14] for accelerations with moderate magnitudes and changing rates. In summary, the proposed control system is given bÿ
We introduce a state vector ξ as
IV. EXPERIMENTS
The control law in Sec. III was implemented in the Julia programming language [29] , to control an ABB YuMi [16] robot. The Julia program communicated with the internal robot controller through a research interface version of Externally Guided Motion (EGM) [30] , [31] at a sampling rate of 250 Hz.
Three different setups were used to investigate the behavior of the controller. As preparation for each setup, a temporally coupled Cartesian DMP had been determined from a demonstration by means of lead-through programming, which was available in the YuMi product by default. In each trial, the temporally coupled DMP was executed while the magnitudes of the states in (27) were logged. Perturbations were introduced by physical contact with a human. This was enabled by estimating joint torques induced by the contact, and mapping these to Cartesian contact forces and torques using the robot Jacobian. A corresponding acceleration was then added to the reference acceleration y r as a load disturbance. However, we emphasize that this paper is not focused on how to generate the perturbations themselves. Instead, that functionality was used only as an example of unforeseen deviations, and to investigate the stability properties of the proposed control algorithm.
A video of the experimental arrangement is available as an attachment to this paper, and a version with higher resolution is available in [32] . The setups were as follows. Setup 1. This setup is visualized in Fig. 4 . Prior to the experiment, a test DMP that did not perform any particular task was executed, and the robot then converged to the goal pose, i.e., to y a = y c = g and d ac = d cg = 0. Thereafter, the operator pushed the end-effector, so that the actual pose deviated from the coupled and goal poses. The experiment was initialized when the operator released the robot arm. The purpose of this procedure was to examine the stability of the subsystem in (18) - (20) . A total of 100 perturbations were conducted.
Setup 2. See Fig. 5 . The task of the robot was to reach a work object (in this case a gore-tex graft used in cardiac and vascular surgery) from its home position. A DMP defined for this purpose was executed, and the operator introduced two perturbations during the robot movement. The purpose of this setup was to investigate the stability of the entire control system in (18) - (26) . A total of 10 trials were conducted. Setup 3. See Fig. 6 . The task of the robot was to hand over the work object from its right arm to its left. The movement was specifically designed to require an end-effector rotation angle of more than π, thus requiring both the upper and the lower halves of the quaternion hypersphere (see Fig. 10 ), and not only one of the halves which is sometimes used [24] . Such movements motivate the search for the largest possible contractible subset of H in Sec. II. Similar to Setup 2, the purpose was to investigate the stability of (18) - (26), and 10 trials were conducted.
V. RESULTS
Figures 7-10 display data from the experiments. Figure 7 shows the magnitude of the states during a trial of Setup 1, and it can be seen that each state converged to 0 after the robot had been released. Similarly, Figs. 8 and 9 show data from Setup 2 and 3 respectively, and it can be seen that the robot recovered from each of the perturbations. Further, each state subsequently converged to 0. All trials in a given setup gave similar results. Further, these results suggest that the control system (18) - (26) is exponentially stable. Figure 10 shows orientation data from Setup 2 (left) and Setup 3 (right). The upper plots show quaternions for the demonstrated paths, q d , determined using lead-through programming prior to the experimental trials, relative to the goal quaternions q g . The middle plots show coupled orientations q c relative to q g . It can be seen that the paths of q d and q c were similar for each of the setups, which was expected given a sufficient number of DMP basis functions. The perturbations can be seen in the bottom plots, which show q a relative to q c . Though q aqc was very close to the identity quaternion for most of the time, it deviated significantly twice per trial as a result of the perturbations. Setup 3 is an example of a movement where it would not be possible to restrict the quaternions to the upper half sphere, without introducing discontinuities. This is shown in Figure 10 , as quaternions were present not only on the upper half sphere, but also on the lower, for Setup 3.
VI. DISCUSSION
In each of the experiments, the robot recovered from the perturbations and subsequently reached the goal pose, which was the desired behavior. Further, the behavior corresponded The two perturbations are clearly visible, and these were recovered from as the states converged to 0. In the lower plot, it can be seen that the time evolution of the states was slowed down in the presence of perturbations. It can further be seen that each of the states converged to 0.
to that in [13] , [14] , except that orientations in Cartesian space are now supported. Most of the discussion in [13] , [14] is therefore valid also for these results, and is not repeated here.
A mathematical proof that the proposed control system is exponentially stable would enhance the contribution of this paper, but remains as future research. Nevertheless, is has now been shown that the topology of h does not prohibit a globally exponentially stable control system. One may object that this topological result is not directly necessary for the control design in Sec. III. However, it is still useful because it rules out the otherwise possible obstruction of a non-contractible state space. This result is relevant not only for DMP applications, but for any control application where quaternions are used to represent orientation. Furthermore, the experimental results indicate exponential stability, since in practice the DMP states converged to 0.
The magnitude of the difference between two quaternions, ||d(q 1q2 )||, corresponds to the length of a geodesic curve connecting q 1 and q 2 [26] . This results in proper scaling between orientation difference and angular velocity in the DMP control algorithm, as explained in [12] . This is the reason why the quaternion difference in (2) was used in [12] and in this paper.
In Sec. II, the largest possible contractible subset of H was found as H \q. Hence, it is not necessary to remove a large proportion of the quaternion set, which is sometimes done. For instance, sometimes the lower half of the quaternion hypersphere is removed [24] , which is unnecessarily limiting. The results from Setup 3 show that this proposed method works also when it is necessary to use both half spheres, see Fig. 10 . In Sec. III, the removed pointq was chosen as (−1, 0, 0, 0), which corresponds to a full 2π rotation from the identity quaternion. A natural question is therefore how to handle the case where (−1, 0, 0, 0) is visited by q aqc or q cqg . In theory, almost any control signal could be used to move the orientations away from this point, and in practice a single point would never be visited because it is infinitely small. However, in practice some care should be taken in a small region around (−1, 0, 0, 0), because of possible numerical difficulties and rapidly changing control signals.
In this paper, the same control gains were used in the position domain as in the orientation domain. This was done in order to limit the notation, but is not actually required.
An interesting direction of future work is to use the proposed controller to warm start reinforcement learning approaches for robotic manipulation. Reinforcement learning with earlier DMP versions has been investigated in, e.g., [33] , [34] , [35] , [36] .
VII. CONCLUSION
In this paper, it was first shown that the unit quaternion set minus one point is contractible, thus allowing for continuous and asymptotically stable control systems. This was used to design a control algorithm for DMPs with temporal coupling in Cartesian space. The proposed DMP functionality was verified experimentally on an industrial robot.
A video that shows the experiments is provided as an attachment to this paper, and a version with higher resolution is available in [32] . Fig. 8 , and similar conclusions can be drawn. In addition, the required rotation angle from start to goal was larger than π in this setup, which corresponds to ||d cg || being larger than π initially. 
